We investigate the effects of disorder and lattice geometry against localization phenomenon in a weakly interacting ultracold bosonic gas confined in a 2D optical lattice. The behaviour of the quantum fluid is studied as a function of disorder strength, considering lattices of sizes similar to current experiments at the mean-field level. Performing computational experiments, we find that the disorder induced localization transition strongly depends on the geometry of the system. The coordination number determines how fast this transition occurs as the system size increases. The quantification of localization in 2D given in terms of the localization cross section ξ Loc , which exhibits gaussian behavior as compared to the polynomial dependence of the localization length in 1D. As expected, ξ Loc strongly depends on the coordination number for small disorder strengths. Signatures of disorder are also found in the energy spectrum, where a continuous distribution emerges instead of a distribution of sharp peaks proper to the system in the absence of disorder.
Introduction
Localization phenomena in matter induced by disorder, is ubiquos in nature. This was first addressed by P.W. Anderson in 1958 to understand the conductivity of electrons in solids. In particular, Anderson studied the diffusion of a single particle traveling in an infinite disordered lattice in three dimensions 1 . As a consequence of the coherent back scattering processes between particles, not only the phase, but also the amplitude of the single particle wave function becomes affected. The main result of this seminal work, was to demonstrate that localization or absence of diffusion occurs at critical values of the disorder strength. The most distinctive signature of such phenomena is the exponentially decaying behavior of the single particle wave function envelope. Later in 1974, Thouless considered the role of the system size and established a correspondence among the conductivity, the energy spectrum and the system size 2, 3 .
In addition to the influence that disorder and system size have to determine the conductance properties in a macroscopic material, another unavoidable aspect present in real solids is the presence of interactions between particles. These drastically modify the behavior of the transport properties. In 1949, N. Mott 4 showed that when correlations between electrons become strong in metallic systems, half-filled energy bands emerge and can transform metallic systems into insulators. The interplay between disorder and interactions is a complex problem to be addressed. Here we study the influence of disorder and geometry in two dimensional lattices in the weakly interacting regime, away from insulating states. Extensive literature dealing with transport and localization phenomena is available [5] [6] [7] [8] [9] . However, open questions remain, for instance, how localization length is modified in 2D with respect to 1D in lattices of finite size, the existence of a threshold value for the disorder amplitude above which localization appears, or the influence of lattice geometry among others.
Ultracold neutral gases are perhaps the most versatile and simple setting to address the study of transport properties, as compared to the analogous real materials with electrically charged particles, offering new possibilities to explore 10 . In ultracold systems, each aspect related to either dynamical or stationary properties may be externally controlled 11 . The Superfluid-Mott insulating (SF-MI) transition 12 and Anderson localization phenomena have been experimentally tested in fermionic [13] [14] [15] [16] and bosonic [17] [18] [19] [20] systems loaded in optical lattices. More recently, the interplay of disorder and many body interactions has been analyzed in a Bose gas confined in two dimensions 21 . In particular in that experiment, the difficulty to reach equilibrium configurations caused by disorder and the interplay with strong many body on-site interactions were explored. From the theoretical perspective, there has been an extensive amount of work addressing the study of transport and disorder in optical lattices 11, [22] [23] [24] [25] . Additionally, proposals to investigate fractal structure induced by disorder 26 and measurement of system replicas simultaneously 27 have been put forward. The interplay of disorder with spin-orbit coupling 28 , spin degrees of freedom 29 , supersolidity 30 , and Dirac fermions 31 are being explored. New developments to diagnose critical behaviour in the Hubbard model using neural networks are being explored 32 , as well as, engineering of bound states via disorder 33 . Some standard schemes used to study the referred phenomenology are approximations to the extended and hybrid Bose-Hubbard model using Gützwiller ansatz 34 , Stochastic Mean-Field Theory 11, 35 , Self-energy Functional Theory 36 and the use of Monte-Carlo simulations 37 . Numerical exact diagonalization simulations are difficult to perform since the size of Hilbert space grows exponentially with the number of lattice sites. Moreover, Renormalization Group schemes are computationally very expensive for systems in dimensions larger than one. Additionally, in the weakly interacting regime Monte-Carlo simulations show strong finite size effects 38 , making characterization of the states in the simulations in this regime difficult. Therefore, other alternatives to address the many body problem are desirable. A suitable approximation scheme is given by using the Gross-Pitaevskii (GP) equation to effectively describe the ground state of weakly interacting bosonic systems at low temperatures. The limitation of this approach is that fluctuations in the number of particles are always poissonian in GP calculations, unable to represent MI states or ensembles of them. However, this mean field treatment allows to investigate either stationary or dynamical transport properties in the superfluid (SF) regime (compressible phases) away from insulating states driven by interactions (incompressible phases). In this work, we restrict our attention to the characterization of disorder induced phenomenology with weak interactions. We analyze the stationary states of the system in the SF regime and the role of lattice geometry via numerical experiments.
We perform numerical experiments analyzing the interplay between disorder and geometry in triangular, square and honeycomb (graphene like) optical lattices. In order to identify different signatures of localization, we describe the interacting gas using the GP equation (see Methods) and analyze the stationary states of the system as a function of the disorder strength δ , for a fixed value of the effective on-site interactions. The analysis of our simulations allowed us to identify localization features by varying the disorder amplitude δ and the system size Ω. As δ is increased formation of SF density islands appear in the 2D lattice. This suggests a transition driven by the fragmentation of the SF in the system, where localization induced by disorder occurs and atomic transport across the whole lattice becomes suppressed. We quantified the localization in 2D lattices in terms of localization cross section ξ Loc , the 2D equivalent of the localization length in 1D. This quantity effectively measures the size of the wave-function on average at each lattice site. We found that, as expected, ξ Loc depends on the lattice geometry for small disorder amplitudes, while becoming independent for large values of disorder strength. Additionally, instead of the algebraical behavior of the localization length ξ Loc ∝ δ −217, 18 , the localization cross section in 2D shows gaussian dependence as a function of disorder given for δ 0 as ξ Loc ∼ e −k Latt δ 2 with k Latt , a parameter associated to a specific lattice geometry. Moreover, we analyzed the energy spectrum and found that the typical well separated peak distribution (showing the lattice structure) characteristic in the absence of disorder, becomes replaced by a continuous distribution (with peak broadening) when disorder is added in the lattices. A general conclusion from our analysis is that disorder induced localization in triangular and square geometries is favorable with respect to honeycomb lattices. Thus, honeycomb lattices have better conductivity and are significantly resilient to disorder effects.
This work is organized as follows. In section methods, we describe the model of the system and set the parameters used for our simulations. In sections 2 and 3, we determine the average localization cross section and analyze the structure of the energy spectrum as a function of disorder and geometry to establish their influence on localization. Finally in section 4, we summarize our findings.
Disorder induced localized states in 2D lattices
In this section, we study the transition to localization for honeycomb, square and triangular lattices as a function of the disorder amplitude and system size. For this purpose we solve numerically the time independent GP equation for a given disorder amplitude δ and analyze the obtained density profiles ρ(x, y) = |ψ(x, y)| 2 . To identify the transition to localization, first we determine the localization length associated to wave functions in presence of disorder for a given lattice size, and second, we study the behavior of stationary localized states as a function of system size. For our calculations we consider lattices having number of sites used in typical experiments performed in 2D lattices. In order to have meaningful quantities as a function of the disorder amplitude, we consider sets of ∼ 40 realizations of random numbers for each value δ and a given lattice size Ω. The initial state used in all of our calculations to reach the steady state is a constant distribution ψ 0 (x, y) = constant 39 . We start giving a general panorama of the results obtained in our numerical calculations, then, we concentrate in characterizing localization in lattices as a function of both δ and Ω. For illustration purposes in Fig. 2 , we show a fragment of the stationary density profiles for one of the realizations and different lattice geometries (z = 3, 4, 6). These profiles correspond to disorder amplitudes of 5%, 10% and 25% of V 0 .
As originally established by Anderson, the distinctive signature of absence of diffusion in a disordered lattice are the exponentially localized wave functions around the lattice sites r i , ψ(r) ∼ e −|r−r i |/(2ξ ) , being these functions characterized by the so called localization length ξ . Recently, experiments performed in 87 Rb atoms 17, 18 for systems in one dimension, have shown that the localization length, depends on the disorder amplitude δ algebraically ξ ∝ δ −2 . Here we investigate ξ as a function of disorder and system size Ω. We shall refer to such quantity as the localization cross section ξ Loc . In presence of disorder, peaks of radius r ξ at random positions appear in the stationary density profile centered at each lattice site, similar to an ensemble of gaussian distributions. Analogous to the Anderson picture, those peaks are well fitted by an exponential function centered at each lattice site. In our study, we determine ξ Loc comparing the areas associated to the waists of exponential peaks of the corresponding gaussian distributions. In particular, we define the localization cross section as the following ratio,
where p = p f Ω is the number of non negligible peaks, with p f the peak fraction, and r Latt is the radius of gaussian functions at zero disorder associated to each lattice, · δ is the average of a realization of disorder strength δ across the lattice, and · {δ } is the average over the set of many disorder amplitude realizations δ .
To investigate the dependence of ξ Loc on δ , we proceed as follows. For fixed disorder strength δ and Ω ∼ 10 3 we performed ∼40 realizations. Then, from each profile of superfluid density we analyze the amplitude of peaks at each lattice site. It is important to stress that although several peaks in a given realization have variable height, their radius r ξ is approximately the same. We observe that the density distribution associated to a stationary profile ρ(x, y), for a particular realization given a disorder δ , is composed of exponentially localized peaks. To determine the radius r ξ , we fit a function ψ fit (x, y) = A 0 exp[(|x − x i | + |y − y i |)/r ξ ] to each non negligible peak centered at lattice positions x i and y i , then r ξ is determined by estimating the FWHM (full width at half maximum) and averaging over the peaks of that realization. Finally, we take the average of r ξ over realizations. Interestingly, we found that in the case of lattices with coordinations z = 4 and z = 6, defects are absent in the density profile (ξ Loc > 0.99) for values of disorder amplitude smaller than ∼ 4%, while showing analogous behavior for δ ∼ 14% in the case of z = 3. We note that there is no sharp transition but the number of defects grows smoothly. To reach this conclusion, we first determine the height of the peaks at each lattice site, next, a comparison of the highest height peak with each of the rest located at lattice sites allows us to establish the fraction of peaks as a function of the disorder amplitude δ . We arbitrarily chose to consider as negligible those peaks whose amplitudes are lower than 1% of the highest height peak. In other words, the peaks that contribute are those having an amplitude larger than 1% of the highest height peak in the ensemble. Thus, typically we extract r ξ over ∼ 4p f × 10 4 lattice sites. Then, we use the extracted FWHM of the fitted peaks and average using (1).
In Fig. 3 , we summarize the results obtained for honeycomb, square and triangular lattices. There, we plot the dimensionless localization cross section ξ Loc as a function of the disorder amplitude δ in units of recoil energy E R . Blue, purple and black symbols correspond to honeycomb (z = 3), square (z = 4) and triangular (z = 6) lattices respectively. As one can see from this figure, larger values of δ are needed to obtain the same localization effects in the case of honeycomb lattices with respect to those used in square and triangular lattices. We note that for values of δ larger than 30% of V 0 , square and triangular lattices acquire the same value of localization cross section, while δ larger than 60% is needed to have the same effective localization effect in honeycomb lattices. In summary, our mean field analysis allows to identify a strong dependence of the localization transition on geometry for values of disorder smaller than 30% of the potential amplitude that defines the lattice (V 0 ). Moreover, the continuos lines in Fig. 3 fit the data of each geometry, showing the following dependency,
we have lim δ β Latt ξ Loc ∼ e −k Latt δ 2 with k, α, β , γ dependent on the lattice geometry. This can be understood in terms of the coordination number of the system. The number of nearest neighbors is smaller in the honeycomb case (z = 3) with respect to the square (z = 4) and the triangular lattices (z = 6). Thus, the difference in topology of the lattices induces a change in mobility between the atoms. As there are more neighbors to each density peak for z = 4, 6; there is a local compression effect leading to a smaller mean localization length with respect to the honeycomb case. Our simulations suggest, that as the disorder amplitude δ is further increased, the localization length approaches the limit ξ Loc → 0 for all lattice topologies, when δ 0 see Fig.3 . This corresponds to the fact that the density collapses a single density peak randomly located across the lattice.
To complement our analysis, we investigate the effect of harmonic confinement in disordered lattices. We found that exponentially localized states appear at the center of the lattice, that is, the density distribution accumulates surrounding the minimum of the harmonic trap. This effect becomes visible for values of disorder strengths smaller than those at which localization occurs in the absence harmonic confinement. As the value of the harmonic frequency is increased, the number of density peaks at the center diminish, until just one peak remains for meaningful values of the harmonic frequency. Summarizing, harmonic confinement works together with disorder to produce localization at the center of the trap.
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We also investigate finite size effects considering lattices of size 10 2 Ω 10 3 . In particular, we study how the transition to fragmentation occurs as disorder amplitude is increased and the system size is varied. For this purpose, we consider the important observation of the previous analysis that the localization cross section diminishes as disorder is increased. It follows that, the superfluid density cannot occupy all the sites in the lattice, but instead becomes spatially distributed in separated regions. In other words, a particular realization of a given disorder leads to the superfluid density being distributed in islands, whose size diminishes as δ grows. This is precisely the fragmentation transition referred some lines above. In the present analysis, we also average over many different realizations of the ensemble. In Fig. 4 , we plot the fraction of peaks as a function of Ω for two values of δ , black and purple points correspond to δ = 5% and δ = 25% of V 0 , panels correspond to honeycomb, square and triangular lattices respectively. As can be appreciated from this figure, same values of disorder δ do not lead to equal effects. Surprisingly, the case of the honeycomb lattice in which δ = 15% (blue points) produces similar results than those associated to δ = 5% in square and triangular lattices. The error bars correspond to the average over ∼ 40 realizations described previously. Another observation from Fig. 4 , is that as the lattice size increases, the fraction of peaks approaches a constant value. Even more, we see that the fraction of peaks becomes independent of the disorder amplitude δ as Ω increases in our simulations. Thus, one can infer the behavior for larger lattice sizes, suggesting that arbitrary small values of disorder lead to localization in infinite lattices in two dimensions. This result is the two dimensional equivalent of the original statement of Anderson localization in three dimensional lattices, while considering weak interactions.
Energy spectrum of localized states
Complementing our analysis, we investigate the energy spectrum of the stationary states from our simulations. To proceed, we consider the energy associated to the stationary GP equation as a function of the disorder strength δ and a fixed value of the mean field interaction U. The energy functional is given by,
where the disorder is considered in the effective potential V ξ for honeycomb (V ), square (V ) and triangular (V ) lattices (see Methods). The integrand is the energy density in real space. To find the energy density in the reciprocal space, namely the energy spectrum, we first rewrite the kinetic term in a quadratic form,
Then, Parseval theorem can be used to reach the final form of the energy spectrum 40 ,
with r ⊥ = xê x + yê y , k ⊥ = k xêx + k yêy andê x/y unit vectors in 2D.
As it turns out from Eq. (5), the energy spectrum associated to a particular realization of disorder encodes the whole information of the density profile structure in momentum space.
As in the previous study for the localization length, the energy spectra analysis was done considering a significant number of realizations for a given disorder amplitude, specifically, the energy spectra here reported are the result of the average over ∼ 40 realizations. For all of our numerical calculations, we use Ω ∼ 10 3 and work within the first Brillouin zone (FBZ). For square lattices, this region is bounded by − (0, 1). In Fig. 5 , we show the energy spectra of the lattices considered in our study for δ = 25% of the potential depth V 0 , in the first quadrant of the FBZ. From top to down, we plot ε(k r ) vs. k r = k 2 x + k 2 y for honeycomb, square and triangular lattices respectively. For comparison purposes, in the left column we included the energy spectra in the absence of disorder. The inset of each panel contains a density plot of the the energy spectra in the full FBZ associated to each lattice with both δ = 0 (left column) and δ = 15% (right column). We observe that the system with disorder presents an energy spectrum which is no longer composed of sharp energy peaks, originated from the lattice symmetry, but rather becomes dense, leading to broadening of the peaks. It is certainly true that sharph peaks are still visible, but a continuous spectra is superimposed to it. In other words, instead of the sharp energy spectrum at zero disorder, we have a dense continous behavior when the disorder amplitude is different from zero. Interestingly, even though disorder is spanned across the entire lattice, and that the energy spectra corresponds to the average over many realizations, we do not observe a cancellation effect due to random disorder. Regarding the influence of the
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disorder strength on the energy spectra, we found that as the disorder amplitude is increased the magnitude of the continuous energy spectrum grows until the characteristic density of peaks due to lattice geometry become comparable. At this point, it is when the disorder effectively destroys the lattice symmetry, leading to vanish the geometry distinguishability. Summarizing, the influence of disorder on the energy spectrum is manifested in replacing well defined momentum peaks (well separated peaks, point-like spectrum) with a dense (continous) distribution which still contains information of the lattice symmetry by broadening the distribution of momentum peaks without disorder.
Summary of findings and outlook
We have studied the stationary states of a weakly interacting Bose gas at zero temperature confined in a two dimensional space and the effects of disorder with the lattice geometry. In particular, we investigated the influence of energetic disorder in lattices having honeycomb (graphene like), square and triangular geometries in producing localized states. The characterization of localized states was performed by means of a systematic analysis through the numerical simulation of the Gross-Pitaevskii equation. The quantities analyzed in our study were the localization cross section and the energy spectrum. For our numerical analysis, we considered lattices of size Ω ∼ 10 3 sites and variable disorder amplitude. We also performed a finite size analysis considering the effects of the system size in 10 2 Ω 10 3 . We found that localization in two dimensional systems occurs continuously as the the disorder strength increases for lattices of size Ω 10 3 sites. Moreover, from the analysis of large lattice sizes, we found that the original prediction made by Anderson is restored, meaning that, arbitrary disorder in infinite space generates localized states. In contrast to the algebraic behavior for the one dimensional case ξ Loc ∝ δ −2 , the localization ratio in 2D shows a dependency on geometry and disorder given by ξ Loc ∼ e −k Latt δ 2 , where k Latt denotes a specific lattice geometry. From the analysis of the energy spectrum, we conclude that the influence of disorder is to replace a sharply peaked spectrum for a continuous one. The disordered system spectrum is composed by continuous energy levels originating from disorder and the sharp energy level contribution originated from the underlaying symmetry of the lattice. In essence, the spatial random inhomogenouness translates into broadening of the characteristic peaks of the disorderless lattices in the energy distribution. Thus, the lattice structure is preserved to some degree, at moderate disorder amplitude. The influence of the harmonic confinement in the emergence of localized states was analized. We found that harmonic confinement enhances disorder induced localization phenomena in general. Harmonic confinement favors localized states at the center of the trap, as expected by energetic considerations. A general statement arising from our investigation is that disordered honeycomb lattices are robust against disorder as compared to triangular and square geometries for the same parameter ranges. We conclude that in general, honecomb lattices would have better conductivity as compared to other lattice geometries in the presence of disorder in 2D.
The present work provides some insight to understand localization phenomena induced by disorder in two dimensional weakly interacting systems for lattices of different geometries having coordination z = 3, 4 and 6. Due to the intrinsic mean-field nature of the Gross-Pitaevskii equation, the quantities that characterize the localization phenomena, namely the average localization length and the energy spectrum, do not capture strong finite size effects. However, the information displayed in the energy spectra in the reciprocal space can be compared with direct experimental measurements in ultracold systems 41 . Further investigations of transport phenomena can be addressed with the approach followed in the present work. For instance, it is possible to consider in a square lattice, different disorder amplitudes inê x andê y , that is, setting δ x = δ y . In view of the results obtained here, this could trigger the formation of stripes where transport could be manipulated via disorder induced localization. Beyond ultracold atoms, systems of ions 42 , superconducting devices (Cicuit-QED) 43 and polariton systems 44 offer opportunities to test our findings analogously via quantum simulation 45 . Moreover, the interplay of these effects in lattices with dissipation offer another venue of exploration 46 . The findings of our work can aid in the development and optimization of transport properties in two dimensional systems for the development of new analog quantum technologies 47 .
Methods

Gross-Pitaevskii equation for 2D disordered potentials
The system under study consist of a weakly interacting gas of Bose atoms confined in two dimensional lattice subjected to white noise disorder of variable strength. In Fig. 1 we illustrate a fragment of the potential used in our simulations, the potential corresponds to a given realization of disorder in a square geometry. To analyze the influence that disorder and the lattice geometry have in the localization of the ultracold bosons, we consider the GP equation for the amplitude of the wave function ψ,
with
is the the effective interaction strength, written in terms of the effective 2D s-wave
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scattering length a 2D s 48 and the atomic mass m. The potential V (x, y) is given by a two dimensional disordered lattice with triangular, square or honeycomb symmetries 49, 50 ,
with V δ 0 = V 0 (1 + δ (x, y)), with ξ ∈ { , , }, which label the potential depth of honeycomb (z = 3), square (z = 4) and triangular lattices (z = 6). The function δ (x, y) takes random values (gaussian) varying in the interval [−δ , δ ] at each point (x, y). Thus, the total potential depth at each point V (x, y) (disordered contribution and optical lattice) is the result of adding/subtracting a random number δ to the potential V (x, y)| δ =0 at each point (x, y). For meaningful numerical calculations and proper comparisons we average over an ensemble of realizations for each value of the disorder amplitude δ . The reason for which multiple realizations will be considered is because, as in the experimental situation, one random realization fails to represent the typical behavior of multiple scattering events due to uncorrelated disorder. Although in principle the way in which the disorder has been set warrants that the underlying symmetry of the lattice is preserved, as we shall see, when δ exceeds certain values, the net effect is that the effect of disorder in honeycomb, square and triangular geometries renders them indistinguishable. It is important to stress that this way of setting disorder through the whole space where lattice is defined, resembles analog real systems in condensed matter where each particle "feels" a different energy landscape associated to the disorder in the otherwise perfect lattice. Additionally, this way of implementing disorder is similar to the original Anderson formulation, that is, to consider a random energy shift at each lattice site. Moreover, disordered potentials can be experimentally created by combining the light pattern of a standing wave having honeycomb, square or triangular symmetries together with the light arising from an optical speckle field produced when a laser beam passes through a diffusing plate. This technique produces spatially random disorder and the system presents similar localized states 17, 18 .
For our analysis we consider typical parameters of 87 Rb atoms 21 confined in an optical lattice potential having depths of V 0 ∼ 12E r and a lattice spacing a = 532 nm, where E R is the recoil energy (E R = h 2 /8ma 2 ) 51, 52 . We consider an effective interaction strength U ∼ 0.01E R , away from insulating states in the equivalent lattice (tight-binding) model. As reported in the literature 53 , the SF-MI transition in a square lattice occurs fort c = t/U ≈ 0.06, for t/U >t c the system is SF, where t is the hopping amplitude. Therefore, with our parameters (t/U ∼ 1), the system is very far away from the interaction driven insulating states, deep in the SF regime for the system without disorder, where the GP theory is a pertinent description.
In typical ultracold experiments besides disorder in the lattice, the atoms move under the influence of a harmonic confinement, so that V ξ → V ξ +V T , with V T = 1 2 mω 2 x 2 + y 2 . Although this contribution can also be considered in our mean field analysis, and in fact we performed calculations to investigate the modifications that the inhomogeneity introduces, we note that real analog systems are not under the presence of a harmonic potential, but instead each particle is immersed in a very large (infinite) disordered lattice. Also, near the center of the trap in a typical ultracold atom experiment it is reasonable to neglect harmonic confinement for sufficiently large lattices. Thus, most of our analysis focus on lattices without the harmonic confinement for simplicity. 
